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An example is given of a finite group A of order 144, with a generating set X= 
{x, y> such th a x3 = y* = 1 and such that the Cayley graph C(A, X) has genus 4 t 
and characteristic -6 (both of which are small relative to the order of A), although 
there is no short relator of the form (xy)’ with r < 12 or of the form [x, y]’ with 
r < 6. Accordingly this and other possible examples do not tit into a pattern 
suggested by Tucker’s refined Hurwitz theorem for imbeddings of Cayley graphs (J. 
Combin. Theory Ser. B 36 (1984), 244-268). 0 1986 Academic Press, Inc. 
In a recent paper [S], Tom Tucker produced a relined Hurwitz theorem 
for imbeddings of irredundant Cayley graphs. In particular, he showed that 
if X is an irredundant generating set for the finite group A, and the 
associated Cayley graph C(A, X) has genus y > 1 and characteristic x 
satisfying 1 Al z=- 12)x), then the type of the generating set X is restricted: X 
must have two or three elements only, and moreover, these elements must 
satisfy one (or more) of a small number of possible presentations. We refer 
the reader to [IS] for the details of this theorem, as they are rather too 
technical to summarize here. It is perhaps sufficient to say that the given 
bound on the characteristic x forces the average face size of the imbedded 
graph to be small, and this in turn ensures the existence of short relators 
involving the elements of the generating set X. 
There is, however, one situation in which Tucker was not able to give an 
exhaustive list of the possible presentations. If X has just two elements, say 
x and y, with x being an element of order 3 and y an element of order 2, 
and if IAl > 121x), then all he could conclude was that there must be a third 
relator (involving X, X- ‘, y and y - ‘) of length less than 24 and greater 
than 13. He would have liked to say that this relator has to be (xy)’ with 
7 < r < 11, or [x, y] r with Y = 4 or 5, for then the conclusions of his 
theorem would have matched those of an earlier theorem on group actions 
on surfaces (see [4]). But this is not the case. 
In this note we give an example of a group A (of order 144) with a 
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generating set X= {x, u} such that x3 = y2 = 1 and such that the Cayley 
graph C(A, X) has genus 4 and characteristic - 6 ( = - IA1/24), although 
the elements xy and [x, ~1 have orders 24 and 6, respectively. The third 
relator is (xv)“(x-‘Y)~, of length 16, and it turns out nicely that the 
imbedding we find for C(A, X) has 18 faces corresponding to this relator, 
the remaining ones coming from x3 and y2 as expected. 
We mention also some other groups with generating sets of this type, to 
indicate that the example we give is no “fluke’‘-indeed it may be possible 
that there are infinitely many such groups with Cayley graphs which do not 
fit into the pattern hoped for by Tucker. There are, however, still only very 
few possibilities for the third relator, and we list these (without proof) at 
the end. 
1. DEFINITIONS 
Let A be the group generated by the following pair of permutations of 
degree 144: x is defined by 
x(k)=k+48 if l<k<96 
=k-96 if 97<k<l44; 
y= (1,2) (3,49) (4,50) (5,51) (6, 52) (7,99) (8,100) (9,10) (11, 57) (12,58) 
(13,59) (14,60) (15,107) (16,108) (17,18) (19,65) (20,66) (21,67) (22,68) 
(23, 115) (24, 116) (25,26) (27,73) (28,74) (29,75) (30,76) (31, 123) (32, 124) 
(33,34) (35,81) (36,82) (37,83) (38,84) (39,131) (40,132) (41,42) (43,89) 
(44,90) (45,91) (46,92) (47,139) (48, 140) (53, 105) (54, 106) (55,79) (56,80) 
(61,113) (62, 114) (63,87) (64,88) (69, 121) (70, 122) (71,95) (72,96) (77, 129) 
(78, 130) (85, 137) (86, 138) (93,97) (94,98) (101, 120) (102,119) (103,134) 
(104, 133) (109,128) (110, 127) (111, 142) (112, 141) (117, 136) (118, 135) 
(125, 144) (126, 143). 
This is not the nicest way to present the group A, however, it will be 
helpful when we come to describe the desired imbedding of the Cayley 
graph C(A, X), where X= {x, u}. 
The first thing to notice is that the group A = (x, v) is transitive on the 
set { 1, 2,..., 144) and therefore IAl is at least 144. Also it is obvious that 
x3=1 andY2= 1, and a routine calculation reveals that also the relation 
(xy)“(x-‘y)” = 1 is satisfied. 
Now consider the following: 
LEMMA. The presentation (x, y 1 x3 = y2 = (~y)~(x-‘y)~ = 1) defines a 
group G of order 144, with center Z(G) = ((xy)“> of order 6 and quotient 
G/Z(G) isomorphic to the symmetric group S4. 
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Proof: Take z = (~y)~ and let N = (z ). From the relation 
(~y)‘(x-‘y)~ = 1 we deduce z = ((~-‘y)~)-’ = (yx)“, so that X-lzx = 
x-‘(~y)~x = (y~)~ = z and y-‘zy = y(xy)“y = (yx)” = z; in other words, z is 
centralized by both generators x and y, therefore N c Z(G). In particular N 
is a normal subgroup of G. Now the quotient G/N has presentation 
(x, yIx3=y2=(xy)4= l), so G/N must be isomorphic to S4 (by a well- 
known result, cf. Sect. 1.5 of Cl]), and as S4 has trivial center, it follows 
that Z(G) E N, whence N = Z(G). 
Next, let a = (xy)* and b= (YX)~ and w  = [a, b]. As w  = (xy)-*(yx)-’ 
(xy)2(yx)2 = z-l (xy)*z-‘(yx)*(xy)*(yx)* = z-*xyxyyxyxxyxyyxyx = 
z-*xy~-~yx-~yx-~yx = z-*x(Yx-~)~x-’ = z-*xz-~x-~ = ze3 (recalling 
the fact that z is central), we find that w  = zb3 E Z(G). Hence, in particular, 
w  = y-‘wy = y-‘Ca, 4 Y = C.dv, Y-‘~YI = CY(XY)*Y, Y(YX)*YI = 
[ ( yx)*, (xy)*] = [b, a] = w  - r, and therefore 1 = w* = zA6. Consequently, 
N = (z > has order at most 6, and from this we obtain IGI = [G/N1 1 NI < 
24.6= 144. 
But on the other hand, the group A defined earlier is a quotient of G 
(since the generators of A satisfy the same relations), hence IGl 2 IAl 3 144. 
Thus 1 G( = 144, and also N = Z(G) has order 6, as required. The proof is 
complete. 
As a consequence of this lemma, G is isomorphic to A, and in particular 
we see that xy must have order 24. But also (using the notation of the 
lemma) it follows that (xy)‘* = z3 = w-l = [b, a] = [(yx)*, (xy)*] = 
(Yx)-‘(xY)-‘(Yx)*(xY)* = x - ‘yx - lyyx - lyx - lyxyxxyxy = x - lyx - “Yx - l 
yxyx*yxy = (x- ‘y~y)~ = [x, y ] 3, and so the element [x, y] has order 6. 
This can, of course, also be found using the given permutations. 
2. THE IMBEDDING 
We now proceed to describe an imbedding of the Cayley graph C(A, X) 
in an orientable surface of genus 4 and characteristic - 6. This is done by 
assigning a rotation at each vertex of the graph, following Edmonds [2]. 
First we label the vertices of C(A, X) as 1,2,..., 144, in accordance with 
the given permutations-that is, the vertex corresponding to the element a 
of A should be labelled by the number a( l)--so that there is a directed 
edge labelled x (resp. y) from vertex i to vertex j if and only if the per- 
mutation x (resp. y) takes i to j. 
Now if i is odd (as an integer), we define a rotation pi at the vertex i by 
pi= (X-l, x, y, y-l), and if i is even we let pi= (x, x-l, y, y-l). These 
rotations are depicted in Fig. 1. 
The permutations x and y were chosen carefully in such a way that each 
cycle of x contains integers of the same parity-indeed, integers in the same 
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FIG. 1. Rotation of the edges at vertex i. 
cycle of x always differ by a multiple of 48. Because of this property, it 
follows that in the imbedding determined by the rotations pi (1 < i < 144) 
there will be 24 faces corresponding to the relator x3 (these being bounded 
by the vertices k, k + 48, k + 96 (in order) with k odd, 16 k < 48), and 24 
faces for the relator X- 3 (bounded by vertices k, k + 96, k + 48 with k even, 
1 c k < 48). It is also obvious that there are 72 digons corresponding to the 
relator ym2. 
The nice thing is that all the remaining faces of this imbedding corres- 
pond to the relator (xy)“(x- ‘Y)~. One such face is bounded by the vertices 
2, 50, 4, 52, 6, 54, 106, 10, 9, 105, 53, 5, 51, 3, 49, 1 (in that order), and the 
other faces, if described in this way, start at the vertices 10, 18, 26, 34, 42, 
102, 110, 118, 126, 134, 142, 104, 112, 120, 128, 136, and 144. The task of 
checking these is a tedious one-but can be considerably shortened by 
drawing the Cayley graph! We leave this as an instructive exercise for the 
reader. 
There is an alternative way to describe this imbedding, in terms of 
double cosets in the abstract group G. Let H and K be the subgroups 
generated by the elements u = (xy)“y and x, respectively. Then in G there 
are precisely 8 double cosets of the form HgK, each of size 18, and in fact if 
we number the elements of G as 1, 2,..., 144, as we did for the vertices of the 
Cayley graph, then it turns out that these double cosets are precisely the 
sets of the form {k + 81) 0 < 16 18) for k = 1,2,..., 8. The rotation pg at a 
vertex g can be defined by 
pg= (-+, 4 Y9 y-7 if g E HKu HxyKu HxyxyK u Hxyx-‘yK 
or 
= (x9 x-l, y, y-l) if gE HyKu HyxyKu HyxyxyKu Hyxyx-‘yK. 
Accordingly, the starting points of the 18 faces corresponding to the 
relator (xy)“(x-‘~)~ are just the elements of the form 
2.4”~ or u”yxyxyx - ’ or ZPyxyx - lyx - l 
with 0 < m < 6. 
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We now compute the Euler characteristic x of the imbedding surface. 
This is of course given by x = V- E + F, where V, E, and I; denote respec- 
tively the numbers of vertices, edges, and faces of the Cayley graph. 
Obviously v = 144, and since we have a 2-element generating set, E = 288. 
To find F, we recall that there are 24 faces corresponding to the relator x3, 
plus 24 faces for x - 3, and 72 faces for yY2, and 18 faces for (x~)~(x-‘y)“, 
and note that these faces use up all available edges (each edge in both 
directions). Thus F= 138, and so x = 144-288 + 138 = -6, as we claimed 
earlier. 
In fact this is the best possible imbedding for the Cayley graph C(A, X), 
since there are no reduced relators of the length less than 16 (in the letters 
x, x-l, y, and JJ-‘) apart from x3 and y2 and their inverses. Verification of 
this claim is easy, but time-consuming, and not even really necessary, for 
the following reasons: 
First, the graph C(A, X) cannot be toroidal, as the generating set X does 
not have any of the types specified by Proulx in her classification [ 3 3 of 
toroidal groups. Consequently C(A, X) has genus greater than 1. On the 
other hand, we know that (xY)~ and (x-‘Y)~ are not relators, so by the 
final sentence of Theorem 5.1 in [S], this graph has no imbedding in a sur- 
face of characteristic x satisfying IA ( > 241x1, that is, with ) ~1 < 6. Thus 
C(A, X) has characteristic - 6 and genus 4. 
(Note. On the other hand, using Tucker’s theorems from [4] it may be 
shown that the smallest genus of those surfaces on which A acts (faithfully) 
is & I Al + 1, with corresponding characteristic - 12, obtained from the fact 
that A is a quotient of the group (x, y I x3 = y2 = [x, JJ]” = 1). In par- 
ticular, this means that the natural action of A on the Cayley graph does 
not extend to an action on the imbedding surface.) 
3. OTHER EXAMPLES 
As stated in the introduction, the above example is not the only one that 
fails to fit the pattern suggested in [S]. Following Tucker’s challenge, the 
author of this note has investigated all possible third relators (of length less 
than 24) involving generators x and y which satisfy x3 = y2 = 1. Using a 
coset enumeration program we have found that apart from the obvious 
relators (xy )’ for r < 12 and [x, y ]’ for r < 6, the only ones that need to be 
considered are the following: 
(4 (XY)“W lYJ4 
(b) (XY) 2x-1yxy(x-1y)2xyx-1y 
w  ((xY)2w’Y)2)2 
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w ((xu)2x- lYJ3 
(e) (XYYW lYY 
(0 ((xv) 2x- lyxyx- 1y)2 
w ((xv)4x-‘Y)2 
w ((xv)3b-‘Y)2)2 
(i) (xy)3x-1yxy(x-‘y)3xyx-1y 
(j) (xv)‘(x-‘~)‘x~(x-‘~)~o23c’~. 
(Any other possibility for the third relator is either a conjugate or the 
inverse of a conjugate of one of these, or else gives a presentation in which 
xy is forced to have order less than 12 or [x, y] is forced to have order less 
than 6 anyway. In particular, many of these alternative relators give rise to 
Cayley graphs of genus 0 or 1.) 
When taken together with the relations x3 = y2 = 1, the relator (a) gives 
a presentation of the group A considered earlier. Similarly relator 
(b) defines another group of order 144, in which xy and [x, y] both have 
order 12. Relator (c) defines a group of order 576, with xy having order 24 
and [x, y] of order 12. Next (d) gives a group of order 1440, in which xy 
has order 30 and [x, y] order 20. Both (e) and (f) give groups of order 
720, but in the first case xy has order 60 and [x, y] order 10, while in the 
second case xy has order 20 and [x, y] order 30. 
The last four relators, (g) to (j), all give presentations of infinite 
groups-but each of these infinite groups has an infinite family of finite 
quotients worth consideration. For instance, if m is any positive integer 
divisible by 4, then the group (x, ylx3 = y2 = ((x~)~x-‘y)~ = [x, y]” = 1) 
is finite, of order 12m2, and in this group the element xy has order 12 (and 
also [x, y] has order m). Similarly, the infinite group given by (h), has for 
every positive integer m, a quotient of order 24m3 in which xy has order 
4m and [x, y] has order 3m. Next, if m is divisible by 4 then the group 
(x, y 1 x3 = y2 = (~y)~x~~yxy(x-~y)~xyx~‘y = (xy)‘” = 1) is finite, of order 
12m2, with xy having order 2m and [x, y] of order 6. Finally, the group 
determined by relator (j) has, for every positive integer m, a quotient of 
order 12m3 in which xy has order 3m and [x, y] has order 2m. 
It seems likely that at least some of these examples will also give Cayley 
graphs whose characteristic is relatively small. 
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